We are interested in the first prolongational limit set of the boundary of parallelizable regions of a given flow of the plane which has no fixed points. We prove that for every point from the boundary of a maximal parallelizable region, there exists exactly one orbit contained in this region which is a subset of the first prolongational limit set of the point. Using these uniquely determined orbits, we study the structure of maximal parallelizable regions.
Introduction
We assume that f is a free mapping, that is, an orientation preserving homeomorphism of the plane onto itself without fixed points. We consider a relation in R 2 defined in the following way:
p ∼ q if p = q or p and q are endpoints of some arc K for which f n (K) → ∞ as n → ±∞. By an arc K with endpoints p and q, we mean that the image of a homeomorphism c : is induced by the topology of R 2 . It turns out that the relation defined above is an equivalence relation (see [1] ) and has the same equivalence classes as the relation defined by Andrea [2] . Moreover, each equivalence class is an invariant simply connected set (see [2, 1] ).
From now on, we assume that f is embeddeable in a flow { f t : t ∈ R}. It follows from the Jordan theorem that each orbit C of { f t : t ∈ R} divides the plane into two simply connected regions. Note that each of them is invariant under f t for t ∈ R. Thus two different orbits C p and C q of points p and q, respectively, divide the plane into three simply such that q n −→ q, t n −→ −∞, f tn q n −→ p as n −→ +∞ .
(1.1)
The set J(q) := J + (q) ∪ J − (q) is called the first prolongational limit set of q. Let us observe that p ∈ J(q) if and only if q ∈ J(p) for any p, q ∈ R 2 . For a subset H ⊂ R 2 , we define
J(H) := q∈H J(q).
(
1.2)
One can observe that for each p ∈ R 2 , the set J(p) is invariant. In [5] , it has been proved that each orbit contained in J(R 2 ) is a boundary orbit of an equivalence class. Therefore every equivalence class can contain at most two orbits from J(R 2 ) (see [6] ). An invariant region M ⊂ R 2 is said to be parallelizable if there exists a homeomorphism ϕ mapping M onto R 2 such that
It is known that a region M is parallelizable if and only if there exists a homeomorphic image K of a straight line which is a closed set in M such that K has exactly one common point with every orbit of { f t : t ∈ R} contained in M (see [7, page 49] , and, e.g., [6] ). We will call such a set K a section in M.
It is known that a region M is parallelizable if and only if J(M) ∩ M = ∅ (see [7, pages 46 and 49]). Hence for every parallelizable region M, we have J(M) ⊂ frM. If M is a maximal parallelizable region (i.e., M is not contained properly in any parallelizable region), then J(M) = frM (see [8] ). In [5] , it has been proved that every maximal parallelizable region M is a union of equivalence classes of the relation ∼.
Now we collect the results from [5, 9] which are needed in this paper. [9] ) Let M be a parallelizable region. Let
Boundary orbits of a parallelizable region
In this section, we prove some properties of boundary orbits of parallelizable regions. The main result of this section says that for every point from the boundary of a maximal parallelizable region, there exists exactly one orbit contained in this region which is a subset of the first prolongational limit set of the point. 
, where B(p,δ) denotes the ball centered at p with radius δ.
Proof. Let C p1 , C p2 , C p3 be distinct orbits which are contained in frM. Suppose, on the contrary, that for these orbits the relation · | · | · holds. Without loss of generality, we can consider only the case C p1 | C p2 | C p3 . Then the orbits C p1 and C p3 are contained in different components of R 2 \ C p2 . On the other hand, by Proposition 1.1, clM \ C p2 is contained in the same component of R 2 \ C p2 . Hence C p1 and C p3 are contained in the same component of
. Thus we get a contradiction, and consequently |C p1 ,C p2 ,C p3 |.
Proof. By Proposition 1.1, the points r, p 1 and r, p 2 are contained in the same component of R 2 \ C p2 and in the same component of R 2 \ C p1 , respectively. Hence, by assumption that p 1 and p 2 are contained in the same component of R 2 \ C r , we obtain |C p1 ,C p2 ,C r |. Proof. First we show that p ∈ D q1,q2 . Suppose, on the contrary, that p belongs to the component of R 2 \ C q1 which does not contain q 2 . Denote this component by H 0 . Then
, which is a contradiction. In the same way, we can show that p cannot belong to the component of R 2 \ C q2 which does not contain 
In the case where M is a maximal parallelizable region such that M = R 2 (i.e., frM = ∅), the existence of such an orbit for each p ∈ frM follows from the fact that J(M) = frM (see [8] ). In this case, for each p ∈ frM the set J(p) can contain also orbits from frM and orbits from the component of R 2 \ C p which does not contain M. By Proposition 1.2, the last possibility can hold only if the equivalence class containing p consists of just one orbit.
First prolongational limit set of the boundary of a parallelizable region
In this section, we study properties of orbits contained in a parallelizable region M by using the set J(frM) ∩ M. 
Properties of components of parallelizable regions
In this section, we will consider orbits C r of a parallelizable region M having the property that at least one of the components of R 2 \ C r does not contain any point from J(frM) ∩ M. Let M 1 be a maximal parallelizable region such that M ⊂ M 1 . Now we prove that Since M 1 is a maximal parallelizable region, we have J(M 1 ) = fr M 1 (see [8] ). Thus
By the definition of the first prolongational limit set, we have
Thus by the fact that cl D pq ⊂ H, the set J(y) ∩ M is contained in H, which contradicts the assumption that 0) ) for x ∈ M and t ∈ R. Let K be preimage of the segment with endpoints ϕ(p 1 ) and ϕ(q 1 ). Then K is an arc with endpoints p 1 and q 1 . We will prove that f n (K) → ∞ as n → ±∞. Remark 4.3. From Proposition 4.1, we do not obtain that H is contained in an equivalence class. Let us consider the case where J(R 2 ) = C r ∪ C q for some r, q ∈ R 2 such that r ∈ C q (cf. 
